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Abstract
Employing methods introduced by Schwinger in quantum electrodynamics, we compute
the propagator for a non-Abelian gauge field in a plane wave background field. In the long
distance limit a mass-like term for the gauge field is induced by this interaction.
1 Introduction
The one-loop effective action arising due to the interaction of an electron with a constant background
electromagnetic field was examined by Euler and Heisenberg [1] with a charged scalar field treated by
Weisskopf [2]. Schwinger also treated this problem and in addition treated a plane wave background
field [3]. Subsequently, there has been a large effort to examine how these calculations could be
extended; for reviews see refs. [4,5,6].
The techniques employed in quantum electrodynamics can also be applied to external fields in
models involving non-Abelian gauge fields [7,8].
Although a background plane wave field cannot contribute to the effective action in quantum
electrodynamics [3,5], it does contribute to the propagator [3,4], in part by providing an effective
mass to the electron. We shall show that in non-Abelian gauge theory a similar effect occurs; a
background plane wave field can provide an effective mass to the vector. Since interaction with
a background field can be viewed as emission of low energy quanta, this may affect the infrared
behaviour of the theory.
1
2 A Background Gauge Field
The Lagrangian for a non-Abelian vector field V aµ
L = −
1
4
F aµν(V )F
aµν(V ) (1)
when V aµ is expanded in terms of a background field A
a
µ and a quantum field Q
a
µ
(
V aµ = A
a
µ +Q
a
µ
)
has a contribution bilinear in Qaµ
L(2) =
1
2
Qaµ
[
ηµν(Dλ(A)D
λ(A))ab + 2gǫapbF pµν(A)
]
Qbν . (2)
We use the notation F aµν(V ) = ∂µV
a
ν − ∂νV
a
µ + gǫ
abcV bµV
c
ν and D
ab
µ (V ) = ∂µδ
ab + gǫapbV pµ as well as
the gauge fixing
Lgf = −
1
2
(
Dabµ (A)Q
bµ
)2
. (3)
The background field that we use is
Aaµ(x) = ǫ
z
µf(ξ) (4)
where ǫzµ is a vector oriented in the particular direction “z” in group space and ξ = n · x with
n · n = n · ǫz = 0, ǫz · ǫz = −1. (5)
We see that the propagator for the quantum field Q involves [3]
Mxx′ =< x|e
−iHτ |x′ > (6)
where
Habµν = ηµν
(
πλπ
λ
)ab
− 2gǫapbF pµν (7)
and
(πλ)
ab
µν = iD
ab
λ ηµν =
(
pλδ
ab + iǫapbApλ(x)
)
ηµν . (8)
Since
[xµ, pν ] = −iηµν (9a)
[πµ, πν ]
ab = −gǫapbF pµν (9b)
it follows that (
dxλ
dτ
)ab
µν
= i [H, xλ]
ab
µν = −2 (πλ)
ab
µν (10a)
and (
dπλ
dτ
)ab
µν
= i [H, πλ]
ab
µν =
[
−2igǫapqF pρλπ
ρqb + gǫapb
(
DρpqF qρλ
)]
ηµν (10b)
− 2g
(
Dapλ ǫ
pqbF qµν
)
.
With the background field of eq. (4), we have
F aµν =
(
nµǫ
z
ν − nνǫ
z
µ
)
f ′(ξ) ≡ φzµνf
′(ξ) (11)
and so by eqs. (10b)(
dπλ
dτ
)ab
µν
=
(
−2igǫazpφzρλf
′(ξ)πρab
)
ηµν − 2gǫ
azbnλφ
z
µνf
′′(ξ) . (12)
Eqs. (5, 10a, 12) now lead to
d n · π
dτ
= 0 (13a)
and
dξ
dτ
= −2n · π, (13b)
and so n · π is a constant and
ξ(τ) = ξ(0)− 2n · πτ. (14)
Furthermore, we find by eqs. (5, 12) that
ǫazpφzρσπ
ρpb = igEabnσf(ξ) +K
ab
σ (15)
where Kabσ is a constant, n
σKabσ = 0 and E
ab ≡ ǫazpǫpzb.
Using eq. (15), eq. (12) leads to
πλ =
−1
2n · π
[
g2Eabnλf
2 − 2igKabλ f − 2gǫ
azbnλφ
z
µνf
′
]
+Dabλ (16)
where Dabλ is a constant. Integration of eq. (10a) then gives us
−
1
2
(xλ(τ)− xλ(0)) =
(
−1
2n · π
)2 ∫ ξ(τ)
ξ(0)
dξ
[
g2Eabnλf
2 − 2igKabλ f
− 2gǫazbφzµνnλf
′
]
+Dabλ τ. (17)
From eq. (15) it follows that
φzσρ K
ab
σ =
nρǫ
azb(ξ(τ)− ξ(0)
2τ
(18)
upon using eq. (14) and φzλµ φ
z
νλ = −nµnν .
Using eq. (16) to eliminate πabλ from eq. (15) we obtain
Kabσ = ǫ
azpφzλ σ
[ −1
2n · π
(
g2Epbnλf
2 − 2igKpbλ f − 2gǫ
pzbnλφ
z
µνf
′
)
+Dpbλ
]
− igEabnσf ; (19)
as nλφzλρ = 0 eqs. (19) and (17) result in
Dabλ =
−1
2τ
(xλ(τ)− xλ(0))−
τ
(ξ(τ)− ξ(0))2
∫ ξ(τ)
ξ(0)
dξ
[
g2Eabnλf
2 − 2igKabλ f (20)
− 2gǫazbnλφ
z
µνf
′
]
.
If now eq. (20) is used to eliminate Dpbλ in eq. (19) and eq. (18) is also used,
Kabσ = ǫ
azbφz ρσ
(
xρ(τ)− xρ(0)
2τ
)
−
ignσ
ξ(τ)− ξ(0)
∫ ξ(τ)
ξ(0)
dξf(ξ)Eab. (21)
After eliminating Kabσ in eq. (20) by use of eq. (21), and then with the resulting expression for D
ab
σ ,
we find that eq. (16) becomes
πσ =
(
ξ(τ)− ξ(0)
τ
)
−1 (
g2Eabnλf
2 − 2igKabλ f − 2gǫ
azbnλφ
z
µνf
′
)
(22)
+
[
−
xλ(τ)− xλ(0)
2τ
−
τ
(ξ(τ)− ξ(0))2
∫ ξ(τ)
ξ(0)
dξ
(
g2Eabnλf
2
− 2igKabλ f − 2gǫ
azbφzµνnλf
′
)]
From eq. (21) we see that
(xλ(τ)− xλ(0))K
abλ = −igEab
∫ ξ(τ)
ξ(0)
dξf(ξ) (23)
Kapλ K
pbλ = −Eab
(
ξ(τ)− ξ(0)
2τ
)2
. (24)
Eqs. (22-24) along with eq. (11) reduce the Hamiltonian of eq. (7) to
H =
x2λ(τ)− 2xλ(τ)x
λ(0) + x2λ(0)
(2τ)2
−
2i
τ
+
2g
ξ(τ)− ξ(0)
ǫazbφzµν (f(ξ(τ))− f(ξ(0))) (25)
+ g2Eab

 1
ξ(τ)− ξ(0)
∫ ξ(τ)
ξ(0)
dξf 2(ξ)−
(
1
ξ(τ)− ξ(0)
∫ ξ(τ)
ξ(0)
dξf(ξ)
)2
as by eqs. (7, 14)
[ξ(0), xλ(τ)] = [ξ(0) + 2n · πτ, xλ(τ)] = 2inλτ (26)[
xλ(0), x
λ(τ)
]
= 8iτ. (27)
Since [3]
i∂τ < x(τ)|x
′(0) >=< x(τ)|H|x′(0) > (28)
the Hamiltonian of eq. (25) leads to
< x(τ)|x′(0) > =
C(x, x′)
τ 2
exp i
{
(x− x′)2
4τ
− τ
[
2g
ξ − ξ′
ǫazbφzµν (f(ξ)− f(ξ
′)) (29)
+ g2Eab
(
1
ξ − ξ′
∫ ξ
ξ′
dyf 2(y)−
(
1
ξ − ξ′
∫ ξ
ξ′
dyf(y)
)2)]}
.
We also have [3] from eq. (8)
iDabλ < x(τ)|x
′(0) >=< x(τ)|πλ(τ)|x
′(0) > (30)
which by eq. (29) leads to
C(x, x′) =
−i
(4π)2
IP exp
(
−
∫ x
x′
dyλǫazbAzλ(y)
)
(31)
where IP denotes path ordering, upon following the procedure of ref. [3].
If now f(y) in eq. (4) is identified with a sinusoidal function,
f(y) = κ cos(y) (32)
where κ is a dimensionful parameter, then
1
ξ − ξ′
∫ ξ
ξ′
dyf 2(y)−
(
1
ξ − ξ′
∫ ξ
ξ′
dyf(y)
)2
= κ2
[
1
2
+
sin(2ξ)− sin(2ξ′)
4(ξ − ξ′)
−
(
sin ξ − sin ξ′
ξ − ξ′
)2]
. (33)
This term acts as an effective mass parameter in the matrix element of eq. (29). If ξ− ξ′ → 0 then
it approaches zero, while if ξ − ξ′ → ∞ it approaches κ2/2, providing an effective mass for those
components of Qaµ for which E
ab is non zero.
3 Discussion
The plane wave background field of eqs. (4,11) has the property that F aµνF
aµν = 1
2
ǫµνλσF aµνF
a
λσ = 0
and so the effective action cannot depend on F aµν(A) [3, 5]. However, the propagator for the quantum
field Qaµ can develop an effective mass if E
ab 6= 0 in the long distance limit, so that the emission of
low energy monochromatic quanta could serve as an infrared regulator in Yang-Mills theory. The
infrared problem has recently been investigated in close detail [9].
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